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An analytical model for the nucleation and growth of intra and intergranular fission-gas bubbles, used to
characterize fission-gas bubble development in U–Mo alloy fuel with burnup limited to less than 10 at.%
U in order to capture the fuel swelling stage prior to irradiation-induced recrystallization, is extended to
recrystallized fuel at a burnup of �16 at.% U. During recrystallization the grain size is transformed from
micron to sub-micron sizes. The intergranular bubble-size distribution post-recrystallization is found to
evolve with similar kinetics and morphology to that pre-recrystallization with any differences primarily
due to gas content and initial and/or boundary conditions (e.g., fuel microstructure). The predictions of
the theory are compared with measured bubble-size distributions in pre and post recrystallized U–
10Mo alloy fuel.
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1. Introduction

In a recent paper [1], an analytical model for the nucleation and
growth of intra and intergranular fission-gas bubbles was used to
characterize fission-gas bubble development in low-enriched
U–Mo alloy fuel irradiated in the advanced test reactor in Idaho
as part of the Reduced Enrichment for Research and Test Reactor
(RERTR) program. Fuel burnup was limited to less than 10 at.% U
in order to capture the fuel swelling stage prior to irradiation-in-
duced recrystallization. Calculations of intergranular bubble-size
distributions for the range of burnup from 5.8 to 9.2 at.% U, fission
rate from 2.3 to 6.8 � 1014 f/cm3 s, temperature from 66 to 191 �C,
and Mo content from 6 to 10 wt.% made with this mechanistic
model of grain-boundary bubble formation kinetics are consistent
with the measured distributions.

The model couples the calculation of the time evolution of the
average intergranular bubble radius and number density to the cal-
culation of the intergranular bubble-size distribution based on dif-
ferential growth rate and sputtering coalescence processes.
Analytical solutions were obtained to the rate equations thus pro-
viding for increased transparency and ease of use. The results sup-
port a multi-atom gas-bubble nucleation mechanism on grain
boundaries that have substantially higher gas solubility than that
in the grain interior. The gas-atom diffusion enhancement factor
on the grain boundaries was estimated based on reasonable agree-
ment with the measured distributions. The enhancement factor is
ll rights reserved.
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about eight times higher for as-fabricated powder plates than for
annealed plates due to the lower Mo content on the boundaries.
The estimated range of values for the enhancement factor is consis-
tent with values obtained in the literature [2].

The agreement between the model and the measured intergran-
ular bubble-size distributions supports the validity of a sputtering
coalescence (bubble coalescence without bubble motion) coarsen-
ing mechanism on the grain boundaries. In this regard, attempts by
this author to reproduce the shape of the intergranular bubble-size
distribution using a model based on the growth of bubbles in a reg-
ular array [3] have not been successful.

Previously, a number of the critical parameters used in the
model were assumed to be the same as those listed in the literature
for UO2. However, it is the ratio of these parameters that appear in
the model solution [1]; thus, the validity of their use for U–Mo re-
duces to the ratios being approximately the same for both materi-
als. This assumption is supported by the observed similarity (albeit
remarkable) in bubble behavior and microstructure evolution be-
tween the two materials [4].

The results demonstrate the increased validation leverage se-
cured with the use of bubble-size distributions compared with
the use of mean values (i.e. average quantities such as bubble den-
sity and diameter). Model predictions are sensitive to various
materials and model parameters. Improved prediction capability
requires an accurate quantification of these critical materials prop-
erties and measurement data.

This paper explores the bubble behavior in fuel that is pushed
in burnup past the point where irradiation-induced recrystal-
lization occurs. In contrast to the formation and subsequent
growth of a recrystallized rim region in UO2, irradiation-induced
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recrystallization occurs throughout U–Mo fuel due to the absence
of a strong burnup gradient (the fuel is irradiated in relatively thin
plates). During recrystallization the grain size is transformed from
micron to sub-micron sizes. In general, the calculation of the inter-
granular gas-bubble distribution is independent of grain size. Thus,
the bubble distribution subsequent to recrystallization should
evolve with the same physical kinetics as dominates the bubble
evolution prior to recrystallization. Given this, one would expect
measured distributions post-recrystallization to be approximately
similar to those pre-recrystallization with any differences being
due to gas content and initial and/or boundary conditions. The
predictions of the theory are compared with measured bubble dis-
tributions in pre and post recrystallized U–Mo alloy fuel.

2. Onset of recrystallization in U–10Mo fuel

Recrystallization nuclei are taken as the triple points of an
evolving cellular dislocation network. The relevant dislocation
kinetics comprises those of interstitial-loop formation and agglom-
eration that lead to the formation of a dislocation network in an
environment of precipitate pinning [5]. The trigger point for irradi-
ation-induced recrystallization is defined as the point where the
kinetically derived concentration of nuclei becomes equal to the
equilibrium number of nuclei determined from thermodynamic
considerations.

The critical fission density Fdx at which recrystallization will oc-
cur is given by

Fdx ¼
apqdðTÞ

uc

� �4=5 2k
3bvD0b

� �1=5

� f ðmÞ6=5 exp 4ðev=2� eiÞ=15kT½ �
p9=5ðCACqÞ12=5 ; ð1Þ

where qdðTÞ is the temperature-dependent dislocation density,
uc=ap is a factor composed of terms related to the production of
precipitates and sub-grain growth in the presence of precipitates,
bv is the van der Waals constant, k is the atom knock-on distance,
f ðmÞ ¼ ð1� m=2Þ=ð1� mÞ, m is Poisson’s ratio, CA is 3 for cubic cells,
Cq is within a factor of unity, b is the number of gas atoms produced
per fission, ei and ev are the interstitial and vacancy migration
enthalpies, respectively, and where, at the relatively low tempera-
tures T where irradiation-induced recrystallization occurs, the
gas-atom diffusivity is athermal and can be expressed as Dg ¼ D0

_f ,
where D0 is a constant of proportionality and _f is the fission rate.
The fission density at which recrystallization is predicted to initiate
as given by Eq. (1) is athermal and very weakly dependent on fission
rate. As such, Fdx is independent of ev and ei and depends primarily
on the collision related parameters k, Dg and ap=uc. Substituting
nominal values of the parameters corresponding to U–10Mo in
Eq. (1) leads to the simplified expression for Fdx (m�3):

Fdx � 6� 1024ð _f Þ2=15
: ð2Þ
3. Grain size of recrystallized U–10Mo fuel

The calculation of recrystallized grain size [5] depends on the
ratio of the materials surface energy c to the elastic modulus E,
the network dislocation density qN , and the change in configura-
tional entropy DS, i.e.

dx
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where the network dislocation density is given by

qNðtÞ ¼
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and

c2 ¼
v lðf ðtÞ=pÞ1=2

CACq
; ð6Þ

where ml is the interstitial-loop climb controlled glide velocity, i.e.

v l ¼
2Ziv

bv
Dici: ð7Þ

The steady-state concentration of interstitials is given by

ci ¼
1
Di

XDvK
4priv

� �1=2

; ð8Þ

where K is the damage rate in atomic displacements per atom
(K � _f=1023), Di and Dv the interstitial and vacancy diffusivity,
respectively, Ziv is the relative bias between interstitials and vacan-
cies, and riv the defect recombination distance. The time t in Eq. (4) at
the point where recrystallization occurs can be obtained from Eq. (2).

4. Calculation of bubble-size distributions in pre and post
recrystallized U–10Mo fuel

Due to the strong effect of irradiation-induced gas-atom re-
solution, in the absence of geometric contact, the intragranular
bubbles stay in the nanometer size range. The density of bubbles
increases rapidly early in the irradiation. At longer times, the in-
crease in bubble concentration occurs at a much-reduced rate.
Based on the above considerations, a quasi steady-state solution
for the average intragranular bubble density cb and the average
number of gas atoms per bubble mb as a function of the density
of gas in solution cg and the gas-atom radius rg is given by [1]

cb ¼
16pfnrgDgc2

g

bmbðtÞ
; ð9Þ

mbðtÞ ¼
3bv

4p

� �1=2 4pDgcgðtÞ
b

� �3=2

: ð10Þ

In Eq. (9), fn is the bubble nucleation factor corresponding to a 2
atom nucleation mechanism, and b is the gas-atom re-solution
rate. In general, the value of fn is less than one reflecting the pre-
mise that gas-bubble nucleation within the fuel matrix requires
the presence of vacancies/vacancy clusters in order to become via-
ble. The average bubble radius rb is related to mb through the gas
law and the capillarity relation. Imposing gas-atom conservation,
i.e. requiring that the sum of the gas in solution, in intragranular
bubbles, and on the grain boundary is equal to the amount of gas
generated (there is no gas released from the U–Mo fuel), the term
cgðtÞ is determined as

cgðtÞ ¼
�1þ 1þ 64pð1� fsÞfnrgDg

_f bt=b
h i1=2

32pfnrgDg=b
; ð11Þ

where b is the number of gas atoms produced per fission event and
fs is the fraction of gas released to the grain boundaries of grains of
diameter dg , where, following Speight [6]

fs �
8
dg

Dg
b

bþ g
t

� �1=2

� 6

d2
g

Dg
b

bþ g
t; ð12Þ

where g ¼ 4pDgrbcb.
In general, the solubility of gas on the grain boundary is sub-

stantially higher than in the bulk material. The gas concentration



Table 2
Values of parameters used in the calculations.

Parameter Value Reference

b 0.25 Olander [10]
n 850 (non-annealed) this work

b0 ðb ¼ b0
_f Þ UO2: 2 � 10�23 m3

U–10Mo: 2 � 10�24 m3
Spino/rest [11]
This work

D0 ðDg ¼ D0
_f Þ UO2: 10�39 m3 s�1

U–10Mo: 10�40 m3 s�1
Matzke [12]
This work

rg 0.216 nm Olander [10]
c 0.5 J m�2 (non-annealed) this work
cosðhÞ 0.2 Hondros [2]
bv 8.5 � 10�23 m3/atom Olander [10]
fn 1 This work
ds 1 � 10�9 m [1]
k 1.8 � 10�8 m [1]
D0 2.5745 � 10�8 m [1]
Di 1 � 10�9 m [1]
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on the boundary will increase until the solubility limit is reached
whereupon the gas will precipitate into bubbles. Subsequent to
bubble nucleation, gas solubility on the boundary will drop to a rel-
atively low value and gas arriving at the boundary will be adsorbed
by the existing bubble population [1]. The calculated intergranular
bubble-size distributions are obtained by integrating the bubble-
size-distribution function nðrÞ over the bin sizes Di, i.e. the bubble
density NðDiÞ in units of m�3 is

NðDiÞ ¼
Z D0þiD

D0þði�1ÞD
nðrÞdr; ð13Þ

where,

nðrÞ ¼ 64gcC2
bp2r3ðkTr3 þ 3cbvr2Þ exp½�jðr4 � r4

0Þ�
3bvCgdgðrkT þ 2cbvÞ2

; ð14Þ

and where

j ¼ p _fkd
2bvnDgCg

: ð15Þ

In Eqs. (14) and (15), Cg and Cb are the mean gas-atom and gas-
bubble concentration on the grain boundaries, respectively.

Following the work of Wood and Kear [7], grain-boundary bub-
ble nuclei of radius Rb are produced until such time that a gas atom
is more likely to be captured by an existing nucleus than to meet
another gas atom and form a new nucleus. An approximate result
for the mean grain-boundary bubble concentration is given by

Cb ¼
8zaK

121=3p2nDgd

 !1=2

: ð16Þ

In Eq. (16), a is the lattice constant, z is the number of sites ex-
plored per gas-atom jump, d is the width of the boundary, n is a
grain-boundary diffusion enhancement factor, and K is the flux of
gas atoms per unit area of grain boundary,

K ¼ _f b
dg

3
dðfstÞ

dt
; ð17Þ

Finally, the mean gas-atom concentration on the grain bound-
aries Cg is given by

Cg ¼
dg

3
fsb _f t: ð18Þ
5. Interpretation

In Table 1a description is listed of fuel used in the analysis: also
listed are calculated values for Fdx given in Eq. (2), and dx

g given in
Eq. (3). V03 and V07 were irradiated to 5.8% and 7.4% U-atom bur-
nup, respectively, and did not undergo irradiation-induced recrys-
tallization. Plate 623 AD achieved �15.6% U-atom burnup and was
totally recrystallized. The calculated fission density Fdx at which
recrystallization occurs is consistent with the observations. In
addition, the calculated value for the size of the recrystallized
grains dx

g is within the range of measured values [5].
The values of the key parameters used in the model are given in

Table 2. Many of them are known or estimated from the literature;
the values of the others (e.g. n) result from comparison of the
Table 1
Description of fuel used in the analysis: also listed are calculated values for Fdx and dx

g .

Plate ID Burn up (at.% U) Fission rate (1020 f/m3 s) Fuel temp. (�C) Fiss

V07 5.8 4.8 122 2.0
V03 7.4 6.0 149 2.5
623AD 15.6 2.5 135 5.0
present theory with measured data for bubble populations. As an
example of estimated parameters, the values of Dg and b used for
U–Mo are assumed to be an order of magnitude less than those
for UO2. Based on irradiation-enhanced creep rates measured in
UO2, UN and UC [8], the irradiation-enhanced gas-atom diffusivity
Dg is expected to be lower in U–Mo than in UO2. In addition, due to
the higher thermal conductivity of the alloy as compared to the
oxide, b is also expected to be lower in U–Mo than in UO2. This
argument is based on the expected larger interaction cross section
in the metallic alloy with conduction electrons. However, because
of the (assumed) linear dependence of both Dg and b on _f , and
because it is the ratio Dg=b that appears in Eqs. (9)–(11), it is
reasonable to assume that this ratio of critical properties is approx-
imately the same for both materials.

It should be noted that highly over pressurized solid gas bub-
bles with diameters of 1–2 nm were observed to form a super-
lattice in the U–Mo with a relatively close spacing (6–7 nm) and
having an approximate mono-modal like distribution [9]. For this
reason, as listed in Table 2, the gas-bubble nucleation factor was
taken to be equal to unity. This assumption is augmented in light
of the inability of the present formulation to capture the super-
lattice nature of the intragranular gas bubbles.

Fig. 1 shows the measured intergranular bubble-size distri-
bution for U–10Mo as-atomized plates V07 and V03 [1]. The calcu-
lated distributions are in very good agreement with the measured
quantities.

Fig. 2 shows the measured intergranular bubble-size distribu-
tions for U–10Mo as-atomized plate 623AD. The lines connecting
data points for V07 and V03 from Fig. 1 are included for compari-
son. As evident from Fig. 2, for larger values of the fuel burnup, the
bubble-size distribution broadens with the peak occurring at larger
values of bubble concentration and bubble radius.

Also shown in Fig. 2 are the results of calculated bubble-size
distribution using Eqs. (13)–(18) for plate 623AD. In order to
account for the changing grain size during recrystallization, the
calculation was approximated by the superposition of two
solutions: (1) the bubble-size distribution was calculated using
the as-fabricated grain size for the target burnup; and, (2) the
bubble-size distribution was calculated over the burnup range
from Fdx to F using the recrystallized grain size. This approximation
ion density F (1027 f/m3) Fdx: Eq. (2) (1027 f/m3) Recrystallized/dx
g : Eq. (3)

3.4 No/–
3.5 No/–
3.1 Yes/0.2 m



Bubble Diameter (µm)
0.05 0.10 0.15 0.20 0.25 0.30 0.35

Bu
bb

le
 D

en
si

ty
 (c

m
-2

)

0
2e+7
4e+7
6e+7
8e+7
1e+8
1e+8
1e+8
2e+8
2e+8
2e+8

Theory
Data V07

Bubble Diameter (µm)
0.05 0.10 0.15 0.20 0.25 0.30 0.35

Bu
bb

le
 D

en
si

ty
 (c

m
-2

)

0.0

5.0e+7

1.0e+8

1.5e+8

2.0e+8

2.5e+8
Theory
Data V03

Fig. 1. Calculated and measured intergranular bubble-size distribution for plates V07 and V03.
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Fig. 2. Calculated and measured intergranular bubble-size distribution for plate
623AD. The lines connecting data points for V07 and V03 from Fig. 1 are included
for comparison.
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incorporates the assumption that the bubbles that grow on the ori-
ginal grain boundaries prior to irradiation-induced recrystalliza-
tion are, for the most part, unaffected by the recrystallization
process and subsequent fuel burnup. After the recrystallization
event, bubbles form on the recrystallized grain boundaries in the
same way as they previously formed on the original, larger grain
boundaries. In general, the calculation of the intergranular gas-
bubble-size distribution is independent of grain size. As is evident
from Fig. 2, the calculated distributions follow the trend of the
measurements.

6. Conclusions

Calculation of intergranular bubble-size distributions in U–10Mo
alloy fuel made with a mechanistic model of grain-boundary bubble
formation kinetics is consistent with the measured distributions
pre and post irradiation-induced recrystallization. Analytical
solutions are obtained to the rate equations thus providing for
increased transparency and ease of use. The bubble distribution
subsequent to recrystallization evolves with the same physical
kinetics as dominates the bubble evolution prior to recrystallization.
The results support the general feature that any differences in
bubble evolution kinetics and morphology between pre and post
irradiation-induced recrystallization regimes are due primarily to
gas content and initial and/or boundary conditions (e.g., fuel
microstructure).
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